Abstract. We study Baer and quasi-Baer modules over some classes of rings. We also introduce a new class of modules called AI-modules, in which the kernel of every nonzero endomorphism is contained in a proper direct summand.
Introduction
Baer and quasi-Baer modules were introduced by Rizvi and Roman in [9] , extending to modules, the same notions known for rings (see also [10] and [11] ). These notions turn to be very useful and yield many interesting structure theorems.
In the present work, we study some questions relative to Baer and quasi-Baer modules. The work falls in the following theme: Given a class C of R-modules (injective, semisimple,...), find necessary and sufficient conditions on the ring R such that every Baer or quasi-Baer module is in C, or conversely every module in C is Baer or quasi-Baer.
The material is divided into four sections. In section 2, we introduce a class of modules that we call AI-modules, in which every nonzero annihilator contains a nonzero idempotent. This class lies strictly between the class of K-nonsingular modules and the class of Baer modules. Our scope, is to study the Baer modules via the AI property. In section 3, we give a characterization of Baer modules using the AI property and the SSIP , we show also that an AI-module with some chain condition on direct summands is Baer. In section 4, we study rings over which the direct sum of Baer modules is Baer. This provides us a characterization of perfect rings that are primary decomposable. In the last section, we characterize rings all of whose injective modules are quasi-Baer, it turn out that these are exactly the QI-rings.
Throughout this work R denotes an arbitrary ring, the Jacobson radical of R is denoted J(R). All modules considered are left R-modules. We denote End R (M ) the endomorphism ring of an R-module M . A submodule N of M is said to be fully invariant, if u(N ) ⊂ N , for every u ∈ End R (M ).
Definitions and basic properties Definition 2.1([9]
). An R-module M is said to be Baer (resp. quasi-Baer), if for every submodule (resp. fully invariant submodule) N of M , the left ideal {u ∈ End R (M ) : u(N ) = 0} of End R (M ) is generated by an idempotent.
These are generalizations of the notion of Baer and quasi-Baer rings respectively. As noted in [9] , a ring R is Baer (resp. quasi-Baer), if and only if, it is Baer (resp. quasi-Baer) as a left module, or right module over itself.
Note that Baer rings were introduced by Kaplansky [8] , and quasi-Baer ring by Clark [4] . Definition 2.2.Let R be a ring. An R-module M is said to have the AI property, or that M is an AI-module, if for every nonzero endomorphism u of M , there exists a nonzero idempotent p in End R (M ) such that p (Ker(u)) = 0.
As in [7] , the term AI means that every Anihilator contains an Idempotent, since for N = Ker(u), Ann S (N ) = {v ∈ S : v(N ) = 0}, where S = End R (M ), contains a nonzero idempotent. 
Conversely, suppose that (ii) holds, if u is noninjective, put N = Ker(u) and 
Example 2.12. In contrast with Proposition 2.11., the direct sum of AI-modules need not to be AI. As an example, take the Z-modules Z and Z/pZ, where p is a prime integer. These are AI-modules.
AI-modules and Baer modules
In this section, we shall investigate some cases in which the AI-modules are Baer modules. First we recall a notion that was introduced by G. V. Wilson in [13] . 
We are going to show that Ann S (N ) = Sp.
Remark 3.3. In [9] , Proposition 2.2, the authors showed that if: (1) M has SSIP and (2) Ker(u) is a direct summand, for every u ∈ End R (M ), then M is Baer module. The condition of being AI in our theorem is weaker than the condition (2).
Theorem 3.4. Let M be an R-module such that End R (M ) has no infinite orthogonal set of nonzero idempotents. Then M is Baer if and only if M is AI.
Proof. (See also the proof of Theorem 7.55 in [12] ). As in Theorem 3.2., let N be a submodule of M , such that and I = Ann S (N ) is nonzero. By [12] , Proposition 6.59, S satisfies ACC on left direct summands. Take Sp maximal where p is taken among idempotents in I. We shall show that I = Sp. Again it suffices to show that 
Direct sum of Baer modules
As shown in Example 2.12., direct sum of AI-modules need not be AI. This fact lead to the problem to know when this is true. In this section, we shall investigate this question. Namely, we shall study rings over which the direct sum of AI (resp. Baer) modules is AI (resp. Baer). This leads to the characterizations of some classes of rings. [5] , that a ring R is said to be semilocal, if R/J(R) is semisimple (artinian), where J(R) is the Jacobson radical of R. R is left (resp. right) perfect, if it is semilocal and every nonzero module has a maximal (resp. simple) submodule.
R is said to be perfect if it is left and right perfect. For example every left or right artinian ring is perfect.
A perfect ring R is called primary, if R/J(R) is simple artinian. It is well known that a perfect ring is primary, if and only if, R ∼ = M n (L), where L is a perfect local ring.
Finally, a perfect ring is called primary decomposable,
The following theorem, gives a characterization of primary decomposable rings, using the direct sum of Baer or AI modules.
Theorem 4.4. Let R be a perfect ring. Then the following assertions are equivalent: (i) every K-nonsingular module is semi-simple.
(ii) every AI module is semisimple.
(iii) every Baer module is semisimple.
(iv) the direct sum of Baer modules is Baer.
(iv) ⇒ (v). Suppose that (iv) holds, let M be an R-module such that End R (M ) is a division ring, then M is Baer. Since R is perfect, every proper submodule of M is contained in a maximal one. Now for every maximal submodule L, M/L is simple, thus Baer. By hypothesis, M ⊕ M/N is Baer, hence by Proposition 4.2., M is semisimple and then simple. It follows that R satisfies the converse of the Schur's Lemma. Then by [6] , Theorem 1.2, R is primary decomposable.
(v) ⇒ (i). Suppose that R is primary decomposable. Let M be K-nonsingular. If M is non semisimple, then M contains a proper essential submodule N . Since R is primary decomposable perfect ring, there exists a nonzero endomorphism u of M such that u(N ) = 0 (see [6] ). This means that Ker(u) is essential. But M is K-nonsingular. A contradiction.
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Now we study the case when the base ring is left noetherian ring.
Theorem 4.5. Let R be a left noetherian ring. Then the following assertions are equivalent:
(i) every K-nonsingular module is semi-simple.
(iii) every Baer module is semisimple.
(iv) the direct sum of Baer modules is Baer.
(v) R is artinian primary decomposable. Now let R be an arbitrary noetherian ring satisfying (iv). If P is a prime ideal of R, then clearly R/P satisfies the property (iv). Hence R/P is semisimple artinian. It follows that the Jacobson radical of R, J(R), is contained in P . This implies that J(R) is nil. But R is left noetherian, thus J(R) is nilpotent. To conclude, R is noetherian, J(R) nilpotent and R/J(R) semisimple, then R is artinian, and is primary decomposable by Theorem 4.4. 2
Proof. It remains only to show that (iv) ⇒ (v). Suppose first that
In the case of commutative rings, we have a complete description, without any extra assumption on the ring R: (ii) Every K-nonsingular module is semisimple.
(iii) R is semilocal and J(R) is a nilideal.
Proof. (ii)⇒(i) is clear.
(i)⇒(iii). Suppose first that R is an integral domain. Let I be a maximal ideal. Then R ⊕ R/I is Baer. It follows that R is semisimple, hence R is a field. Now if R is arbitrary, then for every prime ideal P of R, R/P satisfies (i). Thus every prime ideal of R is maximal. This implies that J(R) is nil and T = R/J(R) is von Neumann regular. It remains to show that every VNR commutative ring T satisfying (i) is semisimple. LetT the injective envelope of T . SinceT is nonsingular injective as T -module, it is a Baer T -module. On the other hand, by Kaplansky theorem (see [5] ), and since T is a commutative von Neumann regular ring, then T is a V-ring (see Definition 5.1. below). Consequently, every T -module has a maximal submodule. Now if I is any maximal T -submodule ofT , thenT ⊕T /I, is Baer. So by Proposition 4.2.,T is semisimple as T -module, consequently, T is semisimple.
( 
When are injective modules quasi-Baer?
It has been shown in [10] Theorem 2.20, that if all injective R-modules are Baer, then R is semisimple artinian. This suggests the study of the same question replacing Baer by quasi-Baer. This will be the main objective of this section. We shall use extensively the following fact: Given any two R-modules M and N , then any u ∈ End R (M ⊕ N ) can be considered under the form
Now, we recall some well known definitions.
Definition 5.1([5]).
A ring R is called a QI-ring, see [5] , if every quasi-injective R-module is injective. Example of such ring was given by Cozzens. Any QI-ing is a V-ring, that is every simple R-module is injective, and is noetherian. It is not known if a QI-ring is hereditary (Boyle's conjecture). If
Consider ϕ = 
In both cases, we obtain a contradiction. This implies that every simple module is injective so that R is a V-ring. Now we show that R is Q.I. Let M be a quasi-injective R-module and P its injective hull. Suppose that M is not injective. Then P ̸ = M and since R is a V-ring, there exists a maximal submodule T of P containing M . The factor module H = P/T is simple and injective (again by the fact that R is a V-ring). If Hom R (H, P ) ̸ = 0, then there exists a nonzero endomorphism u of P such that u(T ) = 0, hence u(M ) = 0 this leads to a contradiction, since M is fully invariant and essential in P . Thus Hom R (H, M ) = 0. Now let L = M ⊕ H, since Hom R (H, M ) = 0 and M is quasi-injective, then L is a fully invariant essential submodule of P ⊕ H. If we put ψ = ( 0 0 π 0 ) ∈ End R (P ⊕ H), where π : P → H is the canonical surjection, then ψ(L) = 0, a contradiction. 2 Remark 5.2. As noted in [9] , Theorem 4.1, if M is quasi-Baer, then End R (M ) is a quasi-Baer ring. The converse does not hold in general. If R is QI-ring, then for every injective R-module M , End R (M ) is a quasi-Baer ring. It is an interesting question to characterize rings over which every injective module has a quasi-Baer endomorphism ring.
In this direction, we note the following result concerning injective modules over hereditary noetherian rings: Proof. This is clear since Z is hereditary noetherian and any divisible groupe is injective as Z-module. 2
